Abstract. We present a lower bound for a fragmentation norm and construct a bi-Lipschitz embedding I : R n → Ham(M ) with respect to the fragmentation norm on the group Ham(M ) of Hamiltonian diffeomorphisms of a symplectic manifold (M, ω). As an application, we provide an answer to Brandenbursky's question on fragmentation norms on Ham(Σg), where Σg is a closed Riemannian surface of genus g ≥ 2.
1. Introduction 1.1. Background and definition. Let (M, ω) be a symplectic manifold. Let Ham(M ) denote the group of compactly supported Hamiltonian diffeomorphisms of M . In his well-known work [Ba] , Banyaga proved the simplicity of Ham(M ) when M is a closed symplectic manifold. The key ingredient was the proof of the fragmentation lemma for this group, which, in turn, allows us to define fragmentation norms on Ham(M ) as follows. Let U = {U λ } λ be an open covering of M . The fragmentation lemma implies that for every φ ∈ Ham(M ) there exists a positive integer n such that φ can be represented as a product of n diffeomorphisms θ i ∈ Ham(U λi ), where λ i ∈ λ and 1 ≤ i ≤ n. For φ = id M , its fragmentation norm φ U with respect to the covering U is defined to be the minimal number of factors in such a product. We set φ U = 0 when φ = id M . Accordingly, the fragmentation norm with respect to an open subset U of M is defined as follows. We consider an open covering U U consisting of all open subsets V such that ψ(V ) ⊂ U for some ψ ∈ Ham(M ). The fragmentation norm φ U of φ is defined to be φ UU .
Entov and Polterovich [EP03] provided a lower bound for the quantitative fragmentation norm [EP03] , using primarily the Oh-Schwarz spectral invariant constructed using Hamiltonian Floer homology. Subsequently, Burago, Ivanov, and Polterovich [BIP] provided a lower bound for the fragmentation norm itself, also using the Oh-Schwarz spectral invariant, but their argument had a different basis; see also [En, Section 4.4] . In addition, Lanzat [La] and Monzner, Vichery, and Zapolsky [MVZ] provided lower bounds for the fragmentation norms in the case in which M is an open symplectic manifold, basing their strategies on arguments from [EP03] . In addition, Brandenbursky and Brandenbursky-Kȩdra [Br, BK] provided a lower bound for the fragmentation norm using a Polterovich quasi-morphism whose construction does not involve Floer theory.
Recently, fragmentation norms have been receiving considerable attention, because they are known to be related to the open problem of the simplicity of the group of compactly supported measure-preserving homeomorphisms of an open disk in the Euclidean plane [LR, EPP] .
In the present paper, we provide a lower bound for the fragmentation norm and construct a bi-Lipschitz embedding I : R n → Ham(M ) with respect to the fragmentation norm on Ham(M ). Our strategy of the proof is based on the work of Entov, Polterovich, and Py [EPP] . As an application, we provide an answer to Brandenbursky's question [Br, Remark 1.5] . The solution involves both Hamiltonian and Lagrangian Floer theory. Remark 1.2. Polterovich and Rosen introduced a function similar to our subadditive invariant [PR, Section 3.4] . However, in addition to subadditivity, they assumed conjugation invariance. In this paper, we do not make that assumption, because in Section 6, we deal with Lagrangian spectral invariants, which are not conjugation invariant.
Let N be a positive integer. The oscillation norm osc on R N is defined to be osc(r 1 , . . . , r N ) = max i,j |r i − r j | for (r 1 , . . . , r N ) ∈ R N . We refer to Section 3 for the definitions of the notions appearing in the following principal theorems. Theorem 1.3. Let c 0 , c 1 , . . . , c N : Ham(M ) → R be subadditive invariants descending asymptotically to Ham(M ). Let U be an open subset of M satisfying the normally bounded spectrum condition with respect to c i for all i = 0, 1, . . . , N . Let X 0 , X 1 , . . . , X N be mutually disjoint closed subsets of M such that each X i is c isuperheavy. Then there exists a bi-Lipschitz injective homomorphism
When c 0 , c 1 , . . . , c N are quasi-morphisms, we obtain a stronger result than Theorem 1.3. Theorem 1.4. Let c 0 , c 1 , . . . , c N : Ham(M ) → R be subadditive invariants descending asymptotically to Ham(M ) that are quasi-morphisms. Let U be an open subset of M satisfying the asymptotically vanishing spectrum condition with respect to c i for all i = 0, 1, . . . , N . Let X 0 , X 1 , . . . , X N be mutually disjoint closed subsets of M such that each X i is c i -superheavy. Then, there exists a bi-Lipschitz injective homomorphism
Concerning the fragmentation norm · U with respect to an open covering U, we have the following theorem. Theorem 1.5. Let c 0 , c 1 , . . . , c N : Ham(M ) → R be subadditive invariants descending asymptotically to Ham(M ). Let U = {U λ } λ be an open covering of M such that each U λ satisfies the bounded spectrum condition with respect to c i for all i = 0, 1, . . . , N . Let X 0 , X 1 , . . . , X N be mutually disjoint closed subsets of M such that each X i is c i -superheavy. Then, there exists a bi-Lipschitz injective homomorphism
We prove Theorems 1.3, 1.4, and 1.5 in Section 5.
Applications
In this section, we provide applications of our principal theorems. Let (M, ω) be a symplectic manifold and X a subset of
where ϕ H is the Hamiltonian diffeomorphism generated by H and X is the topological closure of X. U ⊂ M is called (abstractly) displaceable if U is displaceable from U itself.
B
2n . We consider the 2n-dimensional ball
equipped with the symplectic form dp 1 ∧dq 1 +· · ·+dp n ∧dq n , where p = (p 1 , . . . , p n ) and q = (q 1 , . . . , q n ). We have the following corollary of Theorem 1.4.
Corollary 2.1. For any open ball B(r) ⊂ R 2n of radius r < 1 centered at 0 ∈ R 2n and any positive integer N , there exists a bi-Lipschitz injective homomorphism
We prove Corollary 2.1 in Section 7.
Remark 2.2. Entov, Polterovich, and Py implicitly proved a similar statement when r is sufficiently small [EPP] .
2.2. S 2 × S 2 . We consider the product S 2 × S 2 with the symplectic form pr * 1 ω 1 + pr * 2 ω 1 , where ω 1 is a symplectic form on S 2 with S 2 ω 1 = 1 and pr 1 , pr 2 : S 2 ×S 2 → S 2 are the first and second projections, respectively. Let E denote the equator of S 2 .
We have the following corollary of Theorem 1.4
Corollary 2.3. Let U be an open subset of S 2 × S 2 that is either abstractly displaceable or displaceable from E × E. Then, for any positive integer N , there exists a bi-Lipschitz injective homomorphism
We prove Corollary 2.3 in Section 7. 
By [BEP] , L C is a stem in the sense of [EP06, Definition 2.3] . There is another Lagrangian submanifold L W constructed by Wu [Wu] that is disjoint from RP 2 . We call L W the Chekanov torus. Although there are some other Lagraingian submanifolds of CP 2 called the Chekanov torus [CS, Ga, BC] , Oakley and Usher proved that they are all Hamiltonian isotopic [OU] .
We have the following corollary of Theorem 1.4.
Corollary 2.4. Let U be an open subset of CP 2 satisfying one of the following conditions:
Then, there exists a bi-Lipschitz injective homomorphism
Here |·| is the absolute value.
2.4. Surfaces. Let (Σ g , ω) be a closed Riemannian surface Σ g of genus g with an area form ω. Brandenbursky studied fragmentation norms on Ham(Σ g ) under some assumptions.
Theorem 2.5 ( [Br, Theorem 4] ). Let g be a positive integer with g ≥ 2 and U be a contractible open subset of Σ g . Then, there exists a bi-Lipschitz injective homomorphism
Here · word is the word metric on Z 2g−2 . We point out that Burago, Ivanov, and Polterovich [BIP] already proved the existence of a bi-Lipschitz injective homomorphism I : (Z, |·|) → (Ham(Σ g ), · U ), where g is positive and U is displaceable. Relating to Theorem 2.5, Brandenbursky asked whether one can construct a biLipschitz injective homomorphism Z N → Ham(Σ g ) for any N and any g ≥ 2 [Br, Remark 1.5]. As a corollary of Theorem 1.3, we solve his problem and generalize Theorem 2.5. Corollary 2.6. Let g be a positive integer. Let U be a contractible open subset of Σ g and N a positive integer. Then, there exists a bi-Lipschitz injective homomorphism
Remark 2.7. Since all norms on a finite-dimensional vector space are equivalent, the restriction of osc to Z 2g−2 ⊂ R 2g−2 is equivalent to the word metric on Z 2g−2 .
Moreover, as a corollary of Theorem 1.5, we prove the following result.
Corollary 2.8. Let g be a positive integer and C be a non-contractible simple closed curve in Σ g . Let U = {U λ } λ be an open covering such that each U λ is displaceable from C. Then, for any positive integer N , there exists a bi-Lipschitz injective homomorphism
We prove Corollaries 2.6 and 2.8 in Section 7. Let N denote the set of positive integers. For g = (g 1 , . . . , g n ) ∈ N n , let (Σ g , ω) denote the product manifold Σ g = Σ g1 × · · · × Σ gn with a symplectic form ω. Entov and Polterovich constructed a partial Calabi quasi-morphism (see Section 8 for the definition) on Ham(Σ g ) for any g ∈ N n by using the Oh-Schwarz spectral invariant [EP06] . They asked whether one can construct a Calabi quasi-morphism on Ham(Σ g ) for positive g. Py gave a positive answer to their question. Moreover, he constructed an infinite family of linearly independent Calabi quasi-morphisms on Ham(Σ g ) for positive g [Py06a, Py06b] . Brandenbursky provided another construction of such an infinite family for g ≥ 2 [Br] . Brandenbursky, Kedra, and Shelukhin [BKS] also provided a construction of Calabi quasi-morphisms in case g = 1. In this paper, we prove the following theorem.
Theorem 2.9. For any g ∈ N n , the dimension of the space of partial Calabi quasimorphisms on Ham(Σ g ) is infinite.
We prove Theorem 2.9 in Section 8.
Preliminaries
In this section, we provide the defnitions appearing in Sections 1 and 2, and review their properties. Let (M, ω) be a 2n-dimensional symplectic manifold.
3.1. Conventions and notation. For a Hamiltonian H : S 1 × M → R with compact support, we set H t = H(t, ·) for t ∈ S 1 . The mean value of H is defined to be
where Vol(M ) = M ω n is the volume of (M, ω). A Hamiltonian H is called normalized if H = 0. The Hamiltonian vector field X Ht associated with H t is a time-dependent vector field defined by the formula Let ½ denote the identity of Ham(M ), i.e., the homotopy class of the constant path
For an open subset U of M , let H(U ) be the subset of
3.2. Subadditive invariants and superheaviness. Let c : Ham(M ) → R be a subadditive invariant. We define a map σ c : Ham(M ) → R as
The limit exists by subadditivity property. Given two subadditive invariants, we can prove the following proposition.
Then, c also descends asymptotically to Ham(M ).
To prove Proposition 3.2, we first prove the following lemma. Proof. The "only if" part follows immediately from the definition of descending asymptotically. Accordingly, we prove the "if" part and assume that
. By subadditivity, for any positive integer k,
Since π 1 Ham(M ) is a connected topological group with respect to the C ∞ -topology, π 1 Ham(M ) lies in the center of Ham(M ). Here note that the fundamental group π 1 (G) of a connected topological group G lies in the center of its universal cover G (see, for example, [Pon, Theorem 15] ). Hence, c(φ kψk ) = c (φψ) k . Dividing (1) by k and passing to the limit as k → ∞ yields
Since σ c (φψ) = σ c (φ) for anyφ ∈ Ham(M ) and anyψ ∈ π 1 Ham(M ) , c descends asymptotically to Ham(M ).
Proof of Proposition 3.2. By Lemma 3.3, it is sufficient to show that
Dividing by k and passing to the limit as k → ∞ yields
Similarly, σ c (φ
By definition, we have the following result.
Proposition 3.5. Let X be a c-superheavy subset of M . Then, for any α ∈ R and any normalized Hamiltonian H :
3.3. Spectrum conditions. We define three kinds of spectrum conditions. We recall that the mean value H of a Hamiltonian H :
3.3.1. Normally bounded spectrum condition. Let c : Ham(M ) → R be a subadditive invariant.
Definition 3.
6. An open subset U of M satisfies the normally bounded spectrum condition with respect to c if there exists a positive number K > 0 such that for any F ∈ H(U ) and anyψ ∈ Ham(M ),
Remark 3.7. If we put c(H) = c(φ H ) + H for a Hamiltonian H : S 1 × M → R, then the inequality (2) can be written as c(F • ψ) ≤ K. However, in this paper, we avoid this notation for simplicity.
Remark 3.8. Definition 3.6 is equivalent to the existence of a positive number K > 0 such that for any ψ ∈ Ham(M ) and any F ∈ H ψ(U ) ,
Remark 3.9. When c is an Oh-Schwarz spectral invariant, the normally bounded spectrum condition is equivalent to the bounded spectrum condition (see Definition 3.13) since Oh-Schwarz spectral invariants are conjugation invariant. The normally bounded spectrum condition was introduced by Monzner, Vichery, and Zapolsky [MVZ] .
Proposition 3.10. Let U be an open subset of M satisfying the normally bounded spectrum condition with respect to c. For any ψ ∈ Ham(M ) and any F ∈ H ψ(U ) ,
F and satisfies −F • ϕ F = − F . Since U satisfies the normally bounded spectrum condition with respect to c, we can choose a positive number K > 0 such that for any k ∈ Z,
The following proposition is useful in the proof of Theorem 1.3.
Proposition 3.11. Let U be an open subset of M satisfying the normally bounded spectrum condition with respect to c. Then, there exists a positive number K > 0 such that for anyφ ∈ Ham(M ), any ψ ∈ Ham(M ) and any F ∈ H ψ(U ) ,
To prove Proposition 3.11, we first prove the following lemma.
Lemma 3.12. There exists a positive number K > 0 such that for anyφ ∈ Ham(M ), any ψ ∈ Ham(M ) and any F ∈ H ψ(U ) ,
Proof. Letφ ∈ Ham(M ), ψ ∈ Ham(M ) and F ∈ H ψ(U ) . Since U satisfies the normally bounded spectrum condition with respect to c, we can choose a positive number K > 0 such that
. . , k − 1, Lemma 3.12 implies that there exists a positive number K > 0 such that
Then, Proposition 3.10 completes the proof of Proposition 3.11.
3.3.2. Bounded spectrum condition. Let c : Ham(M ) → R be a subadditive invariant.
13. An open subset U of M satisfies the bounded spectrum condition with respect to c if there exists a positive number K > 0 such that for any F ∈ H(U ),
Note that the normally bounded spectrum condition implies the bounded spectrum condition.
3.3.3. Asymptotically vanishing spectrum condition. Let c : Ham(M ) → R be a subadditive invariant.
14. An open subset U of M satisfies the asymptotically vanishing spectrum condition with respect to c if for any F ∈ H(U ),
Remark 3.15. An argument similar to the proof of Proposition 3.10 shows that the asymptotically vanishing spectrum condition is weaker than the bounded spectrum condition. Proof. Let k be an integer. By subadditivity,
, dividing by k and passing to the limit as k → ∞ yields
Proof of Proposition 3.16. Let X be a c-superheavy subset of M . Let U be an open subset displaceable from X. By assumption, we can take φ ∈ Ham(M ) such that φ(U ) ∩ X = ∅. Since X is c-superheavy, for any F ∈ H φ(U ) , 0 = inf
Hence, φ(U ) satisfies the asymptotically vanishing spectrum condition with respect to c. Lemma 3.17 implies that U also satisfies the asymptotically vanishing spectrum condition with respect to c.
Delicate Banyaga fragmentation lemma
To prove the principal theorems, we use the following folklore lemma which is a slightly delicate version of Banyaga's fragmentation lemma (see also [Ka16, Lemma 2.1]). 
Proof. Since K is compact, we can take finite open coverings V = {V i } i=1,...,ℓ and
..,ℓ subordinated to V (i.e., supp(ρ i ) ⊂ V i for any i). We then define functions χ j : K → [0, 1] (j = 0, 1, . . . , ℓ) as
and
and in particular, (ϕ 
Thus, we can take ℓ as N K,U in Lemma 4.1.
Proof of the principal theorems
In this section, we prove Theorems 1.3, 1.4, and 1.5.
Proof of Theorem 1.3.
Proof. For i = 1, . . . , N , we choose a normalized time-independent Hamiltonian H i : M → R such that H i | Xi ≡ 1 and X j ∩ supp(H i ) = ∅ whenever j ∈ {0, 1, . . . , N } \ {i}. We define an injective homomorphism I : R N → Ham(M ) to be I(r 1 , . . . , r N ) = ϕ r1H1+···+rN HN .
Hence, it is enough to show that I is bi-Lipschitz. We fix i = 0, 1, . . . , N and set r 0 = 0. Since X i is c i -superheavy and (r 1 H 1 + · · · + r N H N )| Xi ≡ r i , Proposition 3.5 implies that (6) σ ci (φ r1H1+···+rN HN ) = r i .
We set α = ϕ r1H1+···+rN HN U . Let us designate that
where F ℓ ∈ H φ ℓ (U ) for some φ ℓ ∈ Ham(M ) for ℓ = 1, . . . , α. Since U satisfies the normally bounded spectrum condition with respect to c i , Proposition 3.11 implies that there exists a positive number K i > 0 such that
Therefore, by Proposition 3.10 and the triangle inequality,
Now, we define a map σ
Then, by (6) and (7), we obtain
Since the natural projection π :
By assumption, c i descends asymptotically to Ham(M ). Hence, the map σ
Hence,
Therefore,
On the other hand, since supp(H i ) is compact for any i, by Lemma 4.1, there exist positive numbers N i,U and ε such that for any 0 ≤ t ≤ ε,
Set N U = max i N i,U . For each i = 1, . . . , N , choose a non-negative integer a i and a non-negative number b i with b i < ε such that r i = a i ε + b i . Then,
This completes the proof of Theorem 1.3.
Proof of Theorem 1.4.
Proof. Since the proof is almost same as that of Theorem 1.3, we provide only the necessary changes.
Let H 1 , . . . , H N and I : R N → Ham(M ) be chosen as in the proof of Theorem 1.3. We fix i = 0, 1, . . . , N and set r 0 = 0. We set α = ϕ r1H1+···+rN HN U and
where F ℓ ∈ H(U ) and φ ℓ ∈ Ham(M ) for ℓ = 1, . . . , α. Since U satisfies the asymptotically vanishing spectrum condition with respect to c i , Lemma 3.17 implies that
On the other hand, since the homogenization of a quasi-morphism is also a quasimorphism (see, for example, [Ca] ), there exists a positive number K i > 0 such that
for anyφ,ψ ∈ Ham(M ). Using (8) and (9) several times yields
. Then, the remainder of the proof follows the same path as in Theorem 1.3.
Proof of Theorem 1.5.
Proof. Let H 1 , . . . , H N and I : R N → Ham(M ) be chosen as in the proof of Theorem 1.3. We fix i = 1, . . . , N and set r 0 = 0. We define a map σ
Since U λ ℓ satisfies the bounded spectrum condition with respect to c i and c 0 for all ℓ, there exist positive numbers
Fα ), and
By combining with (10), we obtain
Similarly,
Thus, dividing by k and passing to the limit as k → ∞ yields
By assumption, c i and c 0 descend asymptotically to Ham(M ). Hence, the map σ
Then, the remainder of the proof follows the same path as in Theorem 1.3.
Lagrangian spectral invariants
Lagrangian spectral invariants for monotone Lagrangian submanifolds were defined by Leclercq and Zapolsky [LZ] . In this section, we review their properties and prove the corollaries given in Section 2.
Let (M, ω) be a closed symplectic manifold. Let L be a monotone Lagrangian submanifold of (M, ω) with minimal Maslov number N L ≥ 2 (For the definitions of the monotonicity and the minimal Maslov number of a Lagrangian submanifold, see [Oh96, BC, LZ] for example).
We fix a commutative ring R. Assuming that L is relatively Pin ± (see [Za, Section 7 .1] for the definition), Zapolsky defined the Lagrangian quantum homol- Za, Sections 4 and 7.3] . Moreover, he defined the Lagrangian Floer homology HF * (L; R) of L and proved that there exists an isomorphism QH * (L; R) ∼ = HF * (L; R) called the Piunikhin-Salamon-Schwarz isomorphism [Za, Sections 5 and 7.3] . His work generalizes that of Oh and that of Biran and Cornea [Oh96, BC] .
We assume that QH * (L; R) = 0. Following [LZ, Section 3] , one can define the Lagrangian spectral invariant c (L;R) : Ham(M ) → R associated with the fundamental class [L] ∈ QH * (L; R). Moreover, Leclercq and Zapolsky proved that c (L;R) is a subadditive invariant [LZ, Theorem 41] .
To prove Corollaries 2.4, 2.6, 2.8 and Theorem 2.9, we first prove the following result. 1 In Leclercq and Zapolsky's terminology, our Lagrangian quantum homology QH * (L; R) (resp., Lagrangian Floer homology HF * (L; R)) is the quotient Lagrangian quantum homology is also a subadditive invariant (see, for example, [Oh05, Theorem I] ). Now, we have the quantum module action
(see [Za, Section 7.4] , [LZ, Section 2.5.3] ). [LZ, Proposition 5] then yields the following inequality as a corollary.
Proposition 6.2 ([LZ, Proposition 5]). For any Hamiltonian
Proof of Theorem 6.1. As a consequence of Schwarz [Sch] , c (Σ g ;R) descends asymptotically to Ham(Σ g ). As a consequence of Entov and Polterovich [EP03] , c (CP n ;R) descends asymptotically to Ham(CP n ). Thus, Theorem 6.1 follows from Propositions 3.2 and 6.2.
When c (M;R) : Ham(M ) → R is a quasi-morphism, Proposition 6.2 enables us to prove the following proposition.
Proof. For the sake of brevity, we write c
for anyφ,ψ ∈ Ham(M ). Hence, it is sufficient to show that there exists a positive number K > 0 such that
Since c M is a quasi-morphism, there exists a positive number C > 0 such that
Then, subadditivity and Proposition 6.2 imply that
To prove Corollaries 2.4, 2.6, and 2.8 and Theorem 2.9, we use the following propositions. 
Proof of corollaries
In this section, we prove Corollaries 2.3, 2.4, 2.6, and 2.8. For the sake of brevity, let Z 2 denote the field Z/2Z below. 7.1. Proof of Corollary 2.1. We think of the ball B 2n as embedded in C n and consider the mutually disjoint tori
for any i = 1, . . . , n , 0 < δ ≤ 1, where w 1 , . . . , w n are the standard complex coordinates on C n . Let (CP n , ω FS ) be n-dimensional complex projective space and L C = {|z 0 | = · · · = |z n |} ⊂ CP n the Clifford torus. For a positive number δ with δ ∈ ( n n+1 , 1], Biran, Entov, and Polterovich [BEP, Section 4 ] constructed a conformally symplectic embedding ϑ δ :
is a quasi-morphism. Therefore, the functions c
, 1], are subadditive invariants and quasi-morphisms. Biran, Entov, and Polterovich proved that there exists a constant c n such that T δ is c δ -superheavy, where Theorem 7.2 ([EP09, Theorem 1.8]). Every stem is c-superheavy, where c is a Lagrangian spectral invariant defined in [LZ] or a spectral invariant defined in [FOOO] .
Proof of Corollary 2.3. Fukaya, Oh, Ohta, and Ono [FOOO] defined a family of bulk-deformed Oh-Schwarz spectral invariants {c ρ } ρ∈[0,1/2) on Ham(S 2 × S 2 ) and proved that any c ρ descends asymptotically to Ham(S 2 ×S 2 ). They also constructed a family of mutually disjoint Lagrangian submanifolds T (ρ) (ρ ∈ [0, 1/2)) and proved that each T (ρ) is c ρ -superheavy [FOOO, Theorem 23.4] . It is known that when U is abstractly displaceable, U satisfies the bounded spectrum condition with respect to c ρ for any ρ (see also Proposition 6.6).
On the other hand, E × E ⊂ S 2 × S 2 is a stem. In particular, E × E is c ρ -superheavy for any ρ. Hence, Proposition 3.16 implies that if U is displaceable from E × E, then U satisfies the asymptotically vanishing spectrum condition with respect to c ρ for any ρ.
Therefore, in any case, U satisfies the asymptotically vanishing spectrum condition with respect to c ρ for any ρ (see also Remark 3.15). Since c ρ is known to be a quasi-morphism for any ρ, Theorem 1.4 completes the proof of Corollary 2.3. LW . In addition, the Clifford torus L C is a stem [BEP] . In particular, L C is superheavy with respect to c RP 2 and c LW . Hence, Proposition 3.16 implies that if U is displaceable from L C (case (iii)), then U satisfies the asymptotically vanishing spectrum condition with respect to c RP 2 and c LW . Therefore, in any case, U satisfies the asymptotically vanishing spectrum condition with respect to c
2 , L W and U satisfy the assumption of Theorem 1.4 for N = 1. This completes the proof of Corollary 2.4.
Remark 7.3. We do not need Theorem 6.1 to prove Corollary 2.4 if we use the well-known fact that π 1 Ham(CP 2 ) = 0 (see [Gr] ). We provide a more general argument here for future works.
7.4. Proof of Corollary 2.6. We use the following result to prove Corollary 2.6. Pol12] , [Ka17] , [Ish, Proposition 4.4] , [Zha, Theorem 1.9] ). For any positive integer g, there exists a positive number K such that
Proposition 7.4 ([
for any contractible open subset U of Σ g and any F ∈ H(U ).
Proof of Corollary 2.6. Let C be a non-contractible simple closed curve in the surface Σ g . We choose symplectomorphisms f 1 , . . . , f N of (Σ g , ω) to ensure that the subsets C, f 1 (C), . . . , f N (C) are mutually disjoint. We fix i = 0, 1, . . . , N . We set Li; Z2) denote the associated Lagrangian spectral invariant. Remark 3.9, Propositions 7.4 and 6.2 imply that U satisfies the normally bounded spectrum condition with respect to c Li for any i. Then, Theorem 6.1 and Proposition 6.4 ensure that c L0 , . . . , c LN , L 0 , . . . , L N and U satisfy the assumption of Theorem 1.3. This completes the proof of Corollary 2.6.
Remark 7.5. We do not need Theorem 6.1 to prove Corollary 2.6 if we use the well-known fact that π 1 Ham(Σ g ) = 0 for positive g (see [Pol01, Section 7.2.B] ). We provide a more general argument here for future works. 7.5. Proof of Corollary 2.8.
Proof. In the proof of Corollary 2.6, we constructed mutually disjoint Lagrangian submanifolds L 0 , . . . , L N ⊂ (Σ g , ω) such that QH * (L i ; Z 2 ) does not vanish. By the construction of L 0 , . . . , L N and the assumption on the covering U, each U λ is displaceable from L i .
Then, Theorem 6.1 and Propositions 6.4 and 6.5 ensure that c L0 , . . . , c LN , L 0 , . . . , L N and U = {U λ } λ satisfy the assumption of Theorem 1.5. This completes the proof of Corollary 2.8.
Partial Calabi quasi-morphisms
Let (M, ω) be a closed symplectic manifold. Given an open subset U ⊂ M such that ω| U is exact, we recall that the Calabi homomorphism is a homomorphism Cal U : Ham(U ) → R defined by
Definition 8.1 ( [En] ). A partial Calabi quasi-morphism is a function µ : Ham(M ) → R satisfying the following conditions. Stability: For any Hamiltonians H, K :
Partial homogeneity: µ(φ k ) = kµ(φ) for any φ ∈ Ham(M ) and k ∈ Z ≥0 . Partial quasi-additivity: Given a displaceable open subset U ⊂ M , there exists a positive number K > 0 such that
for any φ, ψ ∈ Ham(M ). Calabi property: For any displaceable open subset U ⊂ M such that ω| U is exact, the restriction of µ to Ham(U ) coincides with the Calabi homomorphism Cal U .
Let c : Ham(M ) → R be a subadditive invariant descending asymptotically to Ham(M ) (see Definition 3.1). Let U be an open subset of M satisfying the normally bounded spectrum condition with respect to c (see Definition 3.6). We can generalize Proposition 3.11 as follows.
Proposition 8.2. There exists a positive number K > 0 such that
Proof. We assume, without loss of generality, that φ U ≤ ψ U . We represent φ ∈ Ham(M ) as φ = φ 1 · · · φ α with φ i U = 1 for all i. We claim that
for some C > 0. Then, the proposition follows if we set K = 2C. We prove the claim by induction on α = φ U .
When α = 1, we can choose a Hamiltonian F such that ϕ F = φ and F ∈ H θ(U ) for some θ ∈ Ham(M ). Then, Proposition 3.11 implies that
for some C > 0. This proves the claim.
We assume that the claim holds for φ U = α. For φ ∈ Ham(M ) with φ U = α + 1, we decompose it into φ = φ α φ 1 where φ α U = α and φ 1 U = 1. By the induction hypothesis,
. This completes the proof of Proposition 8.2.
Remark 8.3. Since the fragmentation norm · U with respect to a covering U is not conjugation invariant in general, we cannot prove a proposition corresponding to Proposition 8.2 in the same manner (see also the proof of Proposition 3.11).
8.1. Proof of Theorem 2.9. For g = (g 1 , . . . , g n ) ∈ N n , we recall that (Σ g , ω) is the product manifold Σ g = Σ g1 × · · · × Σ gn equipped with a symplectic form ω.
Proof. Let C i be a non-contractible simple closed curve in the surface Σ gi , and let C denote the Lagrangian submanifold C 1 × · · · × C n of (Σ g , ω A ).
For all positive integers N , we choose symplectomorphisms f 1 , . . . , f N of (Σ g , ω A ) to ensure that the subsets C, f 1 (C), . . . , f N (C) are mutually disjoint. We fix i = 0, 1, . . . , N . We set L i = f i (C), where f 0 = id Σ g . Then, QH * (L i ; Z 2 ) ∼ = HF * (L i ; Z 2 ) does not vanish. Let c i = c (Li;Z2) : Ham(Σ g ) → R denote the Lagrangian spectral invariant associated with [L i ] ∈ QH * (L i ; Z 2 ). By Theorem 6.1, c i descends asymptotically to Ham(Σ g ). Now, we define a function µ i : Ham(Σ g ) → R by µ i = − Vol(Σ g ) ·σ ci . By definition, µ i satisfies partial homogeneity. By Proposition 6.6, any displaceable open subset of Σ g satisfies the normally bounded spectrum condition with respect to c i . Hence, Proposition 8.2 implies partial quasi-additivity. Moreover, the Calabi property follows from Proposition 3.10. In fact, for any displaceable open subset U such that ω| U is exact, and any Hamiltonian F ∈ H(U ),
Finally, [LZ, Theorem 41] ensures the stability of µ i . Hence, µ i is a partial Calabi quasi-morphism.
By construction, µ 0 , µ 1 , . . . , µ N are linearly independent. This completes the proof of Theorem 2.9.
Problems
The authors are yet to find the answers to the following problems.
Problem 9.1. Let (M, ω) be a closed symplectic manifold. Let c : Ham(M ) → R be either the Oh-Schwarz spectral invariant or the Lagrangian spectral invariant defined in [LZ] . Does there exist an open subset U of M satisfying the asymptotically vanishing spectrum condition with respect to c but not the normally bounded spectrum condition?
Related to Corollary 2.8, we pose the following problem. The following problem is also related to Corollary 2.8. Related to Corollary 2.4, we pose the following problem.
Problem 9.4. Let (CP n , ω FS ) be n-dimensional complex projective space with the Fubini-Study form ω FS . Let L C be the Clifford torus in CP n and U an open subset of CP n displaceable from L C . Let (Σ g , ω) be a closed Riemann surface of positive genus g with a symplectic form ω and C a non-contractible simple closed curve in Σ g . We consider the product manifold (CP n × Σ g , ω FS ⊕ ω), the Lagrangian submanifold L C × C, and the open subset U = U × Σ g of CP n × Σ g . Does there exist a bi-Lipschitz injective homomorphism
By Proposition 6.5, U satisfies the bounded spectrum condition with respect to c (LC ×C;R) for any ring R. However, by an argument similar to [EP09] , we see that c (LC ×C;R) is not a quasi-morphism and that we therefore cannot apply Theorem 1.4.
